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A B S T R A C T

The purpose of this study is to compare five viscoelastic models (Voigt, Maxwell, standard linear solid, spring-
pot, and fractional Voigt models) for estimating viscoelastic properties based on ultrasound shear wave elas-
tography measurements. We performed the forward problem analysis, the inverse problem analysis, and ex-
periments. In the forward problem analysis, the shear wave speeds at different frequencies were calculated using
the Voigt model for given shear elasticity and varying shear viscosity.

In the inverse problem analysis, the viscoelastic parameters were estimated from the given wave speeds for
the five viscoelastic models using the least-square regression. The experiment was performed in a tissue-mi-
micking phantom. A local harmonic vibration was generated via a mechanical shaker on the phantom at five
frequencies (100, 150, 200, 250, and 300 Hz) and an ultrasound transducer was used to capture the tissue
motion. Shear wave speed of the phantom was measured using the ultrasound shear wave elastography tech-
nique. The parameters for different viscoelastic models for the phantom were identified. For both analytical and
experimental studies, ratios of storage to loss modulus as a function of excitation frequency for different vis-
coelastic models were calculated. We found that the Voigt and fractional Voigt models fit well with the shear
wave speed - frequency and ratio of storage to loss modulus – frequency relationships both in analytical and
experimental studies.

1. Introduction

Systemic sclerosis (SSc), also known as scleroderma, is a multi-
organ connective tissue disease manifested by immune dysregulation
and organ fibrosis. Fibrosis can be taken as one of the most important
factors of the SSc. Fibrosis occurs not only in skin but also in the lung,
heart, tendons, and within the perivascular tissue (Kubo et al., 2017;
Prim et al., 2016; Shazly et al., 2015; Zhang et al., 2018a). So far,
elasticity of skin in patients affected by SSc is evaluated using the
modified Rodnan skin score or using a durometer to measure skin
hardness (Clements et al., 1995). Yet, they are user-dependent and less
sensitive to many less dramatic skin changes and difficult to quantify
over short intervals if the treatments are beneficial to patients. There is
a pressing need for more accurate and sensitive quantification to
monitor therapeutic responses or progression of disease over time.

Recently, ultrasound shear wave elastography (USWE) has been
applied to assess skin and lung diseases (Cheng et al., 2018; Osborn
et al., 2017; Zhang et al., 2017b). USWE seeks to investigate the vis-
coelastic properties within the region of interest that will affect the
shear wave motion, which is related to changes in the viscoelastic

properties of the soft tissue altered by various pathologies (Zhang et al.,
2018b). This technique is independent of both excitation and detection
probes. It measures the speed and decay of the wave propagation on the
skin. Our technique has the potential for the early diagnosis of scler-
oderma, evaluation of the progression, and response to treatments in
the routine clinical care setting.

The appropriate form of a viscoelastic model for soft biological
tissues, especially for SSc, is still a subject of much research, particu-
larly in ultrasound elastography. Various viscoelastic constitutive
models, which attempt to correlate experimental measurements with
frequency-dependent material viscoelasticity, have been proposed to
interpret shear wave measurements. The Voigt model of viscoelasticity
has been used to accurately capture dynamic behavior of soft biological
tissues (Royston et al., 2011). The standard linear solid (SLS) model
consists of a parallel combination of a Maxwell element (spring and
dashpot in series) with a spring (Leng et al., 2018). A spring-pot model,
as an alternative of increasing the number of components of the con-
stitutive model, consists of a frequency-independent shear modulus μ
and a dimensionless structure geometry parameter α (Asbach et al.,
2010). The fractional order viscoelastic model, for which material is
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characterized by a single element, comprised of two constants whose
behavior lies between Hookean solid and Newtonian fluid, has been
investigated in recent studies (Royston et al., 2011, 2003). Their re-
lative merits for characterizing the material viscoelasticity in USWE
have not been investigated.

In this study, Voigt, Maxwell, standard linear solid (SLS), spring-pot
(SP), and fractional Voigt (FV) models were compared through analy-
tical and experimental studies in USWE. Analytical study was per-
formed via prescribing shear elasticity and varying shear viscosity in
Voigt models to calculate shear wave speeds at different excitation
frequencies. The frequency-dependent shear wave speeds were used to
optimize the parameters associated with different viscoelastic models
via minimizing the difference between the predefined and predicted
values of shear wave speed. The experimental study was conducted on a
tissue-mimicking phantom. A mechanical shaker was used to generate a
harmonic vibration at different excitation frequencies on the phantom
and the resulting shear wave speed was measured via ultrasound
transducer. The parameters associated with different viscoelastic
models for the phantom was identified via least-square regression
analysis.

2. Materials and methods

2.1. Forward problem

Frequency-dependent shear wave speed in USWE results from a
complex shear modulus (μ) that can be expressed in the frequency
domain by its real (storage, μR) and imaginary (loss, μI) parts of the
shear modulus as (Royston et al., 2011),

= +μ ω μ ω iμ ω( ) ( ) ( )R I (1)

The shear wave speed of a viscoelastic material is expressed as

Fig. 1. Shear wave speed and ratio of storage to loss modulus of Voigt models of various material parameters at different excitation frequencies.

Fig. 2. Viscoelastic models used for this study.

Table 1
Storage and loss moduli of selected viscoelastic models. η is the shear viscosity
and α is the fractional exponent.
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Fig. 3. Experimental setup of the USWE system. The shaker was in touch with
the phantom to generate 0.1 s harmonic vibration while an ultrasound probe
was placed on the gel pad, which was on the phantom to measure the shear
wave speed of the phantom noninvasively.
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Consider a half space of a linear viscoelastic isotropic material with
density ρ=1000 kg/m3 and surface wave excitation is initiated via an
indenter over the frequency range of 100–300 Hz at intervals of 50 Hz.
Using a Voigt model to prescribe =μ μR 0 and =μ ωηI , shear wave
speed at different frequencies can be calculated. η is the shear visc-
osity. Additionally, corresponding ratios of storage to loss modulus ( μ

μ
R

I
) at different excitation frequencies were calculated (Fig. 1). For the
analytical study, the following material parameters were used: =μ 20
kPa, η ranges from 2 to 6.5 Pa s at an interval of 0.5 Pa s. These material
parameters are comparable to those of soft biological tissue.

2.2. Inverse problem

Shear wave speeds obtained from the forward problem were fit with
Voigt, Maxwell, SLS, spring-pot, and FV models of viscoelasticity to
estimate material parameters over the whole frequency range of in-
terest (Fig. 2). Parameters associated with different viscoelastic models
were used to calculate storage modulus μ ,R loss modulus μI (Table 1).

Storage and loss moduli were then used to predict shear wave speed.
Given the predefined shear wave speeds at different frequencies, the
material parameters for the five viscoelastic models were identified by
using the Levenberg-Marquardt nonlinear, least-square algorithm for
minimizing the objective function which reflects the agreement be-
tween predefined and predicted shear wave speeds at different excita-
tion frequencies, which yields unique estimates of the material para-
meters (Suh and Bai, 1998; Zhou et al., 2016). Residual error is the
output of the objective function, = ∑ −

=
c cΩ ( )n

N
n
T

n
E

1
2, where the su-

perscript E and T refer to the experimentally measured and theoreti-
cally calculated values of shear wave speed, and subscript n indicates a
particular experimental state. The ranges over which parameter values
were sought were identical with limiting values based on the physical
meaning of each parameter. Multiple iterations of functional mini-
mization were performed to ensure that the obtained parameter values
were insensitive to the initial guesses within the prescribed ranges.

2.3. Experiments on phantom

USWE experiments were conducted on a tissue-mimicking phantom
(CIRS Inc, Norfolk, Virginia). Shear wave propagation in the tissue
mimicking phantom was measured by the USWE. A sinusoidal vibration

signal was generated by a function generator (Model 33120 A, Agilent,
Santa Clara, CA). The vibration signals were generated at five fre-
quencies from 100 Hz to 300 Hz at increments of 50 Hz (Kubo et al.,
2018). The excitation signal at a frequency was amplified by an audio
amplifier (Model D150A, Crown Audio Inc., Elkhart, IN) and then drove
an electromagnetic shaker (Model: FG-142, Labworks Inc., Costa Mesa,
CA 92626). The shaker applied a 0.1 s harmonic vibration on the sur-
face of the phantom using an indenter with 3mm diameter. The pro-
pagation of the shear wave in the phantom was measured using a linear
array transducer (L11-5v, Philips Healthcare, Andover, MA) transmit-
ting at 6.4 MHz center frequency on the acoustic standoff pad (Fig. 3).
The acoustic standoff pad was placed on the phantom increasing the
distance between the phantom and transducer to improve ultrasound
imaging quality. The transducer was connected to the ultrasound
system (Vantage 1, Verasonics Inc, Kirkland, WA).

Detection of phantom motion is guided by ultrasound imaging. The
phantom motion at a given location can be analyzed by cross-correla-
tion analysis of the ultrasound tracking beam. In this study, eight lo-
cations over a length of approximately 8mm were selected to measure
the phantom motion (Fig. 4a.). A high frame rate of 2000 frame/s is
used to detect phantom motion in response to the vibration excitation
at 100, 150, 200, 250 and 300 Hz. The wave phase delay over the eight
locations is presented in Fig. 4b. The wave speed was analyzed by the
change in wave phase with distance. Using the phantom motion at the
first location as a reference, the wave speed was measured using the
wave phase delay of the remaining locations relative to the first loca-
tion. At each frequency, the wave speed in the phantom was estimated
using a phase gradient method.

=c f πf r
φ

( ) 2 Δ
Δs

(3)

where rΔ is the distance between 2 detected locations and φΔ is the
phase change over that distance, f is the excitation frequency in Hz.
The regression of phase change with distance is analyzed and the wave
speed is measured with a 95% confidence interval in the format of
mean± standard error. Repetitive measurements were performed.
Small standard deviation shows measurements were good.

3. Results

Results of the best fits in terms of shear wave speed – excitation
frequency relationship using five viscoelastic models and associated
parameters in the analytical study are provided in Fig. 5. Residual

Fig. 4. (a) Representative B-mode image of the phantom. Eight locations in the phantom were selected to measure the shear wave speed of the phantom by using the
ultrasound tracking beam. Blue points indicate points selected for measurement. (b) Representative Phase delay - distance relationship of the phantom at excitation
frequency of 100 Hz. The wave phase change with position, in response to 0.1 s excitation was used to measure the shear wave speed.
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errors of five viscoelastic models are provided in Table 2. It is seen that
agreement is good with Voigt, spring-pot, and FV models; yet large
discrepancies are seen with Maxwell and SLS models. Best fit in terms of
ratio of storage to loss modulus as a function of excitation frequency for
different viscoelastic models in the analytical study was provided in

Fig. 6. It shows that integer and FV models fit well while large dis-
crepancies were seen with Maxwell, SLS, and spring-pot models.

Voigt, Maxwell, SLS, spring-pot, and the fractional order Voigt
models for viscoelasticity were used to fit the experimental data.
Results of the best fit in terms of shear wave speed – excitation

Fig. 5. Best fit Voigt, Maxwell, SLS, spring-pot, and FV models based on surface wave speed-frequency relationships. ‘ₒ’ raw data;’ ̶ ‘, estimated values based on
viscoelastic model.
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frequency relationship and associated identified parameters using dif-
ferent viscoelastic models are provided in Fig. 7. Residual errors of
different viscoelastic models are shown in Table 3. Referring to Table 3,
it is seen that integer and FV models generally outperform other
models. Table 4 shows the calculated ratio of storage to loss modulus of
the phantom for different viscoelastic models at various excitation
frequencies. It showed that this ratio increased with frequency for the
Maxwell model; this ratio is a constant for spring-pot model and close to
zero; for the Voigt, SLS, and FV models, this ratio decreased with fre-
quency.

4. Discussions

The aim of this study was to evaluate different viscoelastic models
for characterizing the dynamic behavior of soft tissue in terms of shear
wave speeds; excitation frequency and ratio of storage to loss modulus;
and excitation frequency in the USWE. The shear wave speed at dif-
ferent excitation frequencies in the analytical study was theoretically
predefined and fitted with different viscoelastic models. In the experi-
mental study, a shaker was used to generate a harmonic mechanical
vibration on the surface of the phantom at five frequencies (100, 150,
200, 250 and 300 Hz). The resulting wave propagation in the phantom
was noninvasively measured using an ultrasound technique. The mag-
nitude of wave motion increased with excitation frequency. The wave
length is inversely proportional to the wave frequency while attenua-
tion rises with the wave frequency. The range of the excitation fre-
quency in this study was selected based on wave motion amplitude,
spatial resolution, and wave attenuation. While quantitative results
obtained in the tissue-mimicking phantom may not reflect soft biolo-
gical tissues, we expect that the observed effect of different viscoelastic
models will be retained for soft biological tissues.

Obtained data are in agreement with the published literature. The
dynamic response of the tissue phantom in terms of wave speed dis-
persion with frequency is qualitatively similar to that of soft biological
tissues (Dai et al., 2014). The wave speed values of the phantom ob-
tained in this paper are in the same range as reported in references
(Kirkpatrick et al., 2004; Potts et al., 1983). The shear elasticity and
viscosity of human skin was reported by the surface wave technique
ranging from 5.67 kPa to 33 kPa and from 3.86 Pas to 26.26 Pas (Boyer
et al., 2007; Xiaoming Zhang, 2017; Zhang, 2011; Zhang et al., 2017a).
The value obtained on the phantom falls in the range of that literature.

Shear wave speed dispersion derived from the elastography tech-
nique has been used to estimate the shear viscoelasticity with an as-
sumed viscoelastic model type. For both the analytical and experi-
mental studies, it showed that Voigt and fractional Voigt outperform
other models in characterizing the dynamic behavior of material.
Moreover, μ

μ
R

I
, which is an indicator of attenuation per cycle, has been

proven to be a valid measure of material viscoelasticity (von Gierke
et al., 1952). It is well known that attenuation in USWE increases with
excitation frequency for soft tissue. For the Maxwell and SLS model, the
loss modulus decreases with frequency so it results in large dis-
crepancies in both shear wave speed and μ

μ
R

I
in USWE. For the spring-pot

model, = ( )αtanμ
μ

π
2

R

I
is only dependent on α, irrespective of excita-

tion frequency, resulting in large discrepancy in μ
μ
R

I
. Integer and frac-

tional order Voigt models yield a loss modulus which increases linearly
with frequency and increases with the power of frequency where

α < 1, respectively. Loss modulus correlates with attenuation of wave
motion; attenuation increase with excitation frequency which is valid in
USWE. The model can be identified from μ

μ
R

I
versus frequency even

though different models lead to nearly the same fitting. Comparison of
estimates of μ

μ
R

I
is more clearly identifiable for which viscoelastic model

type is more appropriate than comparing estimates of shear wave
speed.

The various components of the soft biological tissue are grouped
into 2 phases: a solid phase consisting of a collagenous extracellular
matrix and cells and a fluid phase consisting of an inter-fibrillar fluid.
The fluid viscosity varies depending on matrix density and structure.
The solid matrix forms an ensemble of various size channels or pores
through which fluid moves when the tissue is loaded. On the other
hand, the solid matrix itself behaves viscoelastically, because of the
numerous hydrogen-bonded cross links between matrix fibers. When α
→ 0, the fractional unit behaves like a Hookean spring; when α → 1, it
behaves as a Newtonian dashpot. For intermediate values of α, it be-
haves as a viscoelastic material. A fractional order Voigt model re-
presents multiscale rate-dependent stress-strain interactions in soft
biological tissues. Another advantage of the fractional Voigt model is its
attribute that the temporal response takes on characteristics of power-
law behavior, which has been observed in a number of biological ma-
terials (Coussot et al., 2009; Kiss et al., 2004). This model can be used to
obtain specific parameters associated with disease and treatment and be
able to predict underlying remodeling in tissue with pathology.

We use USWE for skin related disease such as scleroderma. Skin is a
tissue does not involve deformation so we did not discuss the effect of
deformation on the shear wave speed. For other soft tissues, such as
lung, we should definitely take the deformation into account. It has
been shown that acoustic properties of material are altered with de-
formation and pressurization, correspondingly changing the wave
propagation speed or reflected wave amplitude in the material (Galich
and Rudykh, 2015; Kobayashi and Vanderby, 2007; Zhou et al., 2017).
Numerous studies have shown the relationship between the echo in-
tensity and the stress or strain experienced by the isolated soft tissues
under static or cyclic loading scenarios (Duenwald et al., 2011; Pan
et al., 1998).

A range of viscoelastic constitutive models have been proposed to
interpret shear wave measurements. These models attempt to relate
measurable phenomena to the underlying elasticity and damping of the
material, both of which are typically rate- (frequency-) dependent.
These viscoelastic models often manifested as complex shear modulus
with the real part as the storage modulus and imaginary part as the loss
modulus. The ultrasound shear wave elastography can be used to de-
termine the parameters associated with the viscoelastic model if their
storage and loss modulus are known.

In this study, the viscoelastic models were evaluated in terms of
dynamical response of the material manifested as shear wave speed at
different vibration frequencies. Once the material parameters asso-
ciated with the viscoelastic models are identified, they can be further
validated via predicting the quasi-static stress-strain response of the
material in the stress relaxation test and comparing the results with the
experimentally measured response of the material.

Several limitations should be taken into account. These models as-
sume the material is homogeneous; in fact, the skin is a heterogeneous
material with each layer of different mechanical properties. In the fu-
ture, layer-specific viscoelastic models will be developed to investigate
deeper tissues within the skin. Secondly, these models assume the vis-
coelastic properties are independent of temperature. It has been shown
that temperature plays a critical role in the mechanical properties of
skin (Zhang, 2011). Wave speed and wave amplitude decay rate are
higher at room temperature than those at body temperature indicating
a difference of tissue viscoelastic properties at room temperature and
body temperature. Future studies will incorporate temperature into
modelling the viscoelasticity of skin in USWE.

Table 2
Residual error of the viscoelastic models in analytical studies.

Model Voigt Maxwell SLS Spring-pot Fractional
Voigt

Residual
error

1.406e-20 0.0058 0.1797 0.0233 6.72e-13
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5. Conclusion

In this study, five viscoelastic models (Voigt, Maxwell, SLS, spring-
pot, and FV) are compared analytically and experimentally for USWE.
The frequency-dependent shear wave speed was measured

experimentally from 100 to 300 Hz by applying mechanical vibration
on the phantom. Shear wave speed and ratio of storage to loss modulus
as a function of excitation frequency both from the analytical and ex-
perimental studies suggest that the FV model can characterize the vis-
coelastic behavior of soft tissue. Quantifying the dynamic behavior of

Fig. 6. Best fit Voigt, Maxwell, SLS, spring-pot, and FV models based on ratio of storage to loss modulus- excitation frequency relationships.’ₒ’ raw data; ‘ ̶ ‘, estimated
values based on viscoelastic model.
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Fig. 7. Best fit Voigt, Maxwell, SLS, spring-pot, and FV models based on surface wave speed-frequency relationships. ‘ₒ’ raw data; ‘ ̶ ‘, estimated values based on
viscoelastic model.
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soft tissue in USWE is a necessary step to understand physiological and
pathological conditions. The FV model may provide a more robust and
accurate model for wave propagation in soft biological tissues over a
wider range of excitation frequencies.
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Table 3
Residual error of the viscoelastic models in experimental studies.

Model Voigt Maxwell SLS Spring-pot Fractional Voigt

Residual error 1.0569 1.2911 1.2501 1.3305 1.0529

Table 4
μR
μI

of the viscoelastic models at different excitation frequencies in the experi-
mental studies.

Frequency [Hz]

μR
μI

100 150 200 250 300

Voigt 0.43 0.29 0.22 0.17 0.14
Maxwell 1.01 1.93 3.15 4.63 6.27
SLS 0.48 0.35 0.3 0.28 0.27
Spring-pot 3.62e-14 3.62e-14 3.62e-14 3.62e-14 3.62e-14
Fractional Voigt 0.43 0.29 0.22 0.17 0.14
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